We address the problem of FIR equalizer filter design for multiple-input multiple-output (MIMO) linear time-invariant channels with uniform sampling at the channel outputs. This scheme encompasses Papoulis' generalized sampling and several nonuniform sampling schemes as special cases. The input signals are modeled as either continuous-time or discrete-time multi-band input signals, with different band structures.
. Clearly, their sampling scheme is also a special case of MIMO sampling.
We studied the continuous-time MIMO sampling problem and presented necessary and sufficient conditions for perfect stable reconstruction of the channel inputs from uniform sampling of the outputs in [13] .
Importantly, we demonstrated how to achieve stable sampling and reconstruction at rates lower than the Nyquist rate, and in some cases even at combined average rates lower than the Landau rate for individual channel inputs. This provides motivation for using the MIMO sampling theory to design and implement MIMO deconvolution, MIMO channel equalization, and source separation systems.
In this paper, we examine the related problem of finite impulse response (FIR) filter design for MIMO reconstruction filters. Whereas [13] only demonstrates the existence of ideal filters for stable perfect reconstruction subject to appropriate conditions on the channel and sampling rates, in this paper we address the practical problem of implementing the reconstruction system using FIR filters. We provide conditions for the existence of FIR perfect reconstruction filters, and when such do not exist, we address the optimal approximation of the ideal filters using FIR filters and a min-max £ ¥ ¤ reconstruction error criterion. We formulate the design problem as a semi-infinite linear program. Semi-infinite formulations have been successfully applied to other multirate filter design problems [32, 33] and solved using standard techniques [34] . Our FIR filter design formulation is fairly general and can be used to design the interpolation filters for those generalized sampling schemes discussed above.
The paper is organized as follows. Section II, contains some basic notation and definitions. In Section III we present discrete-time models for the channel and reconstruction block. The channel inputs are modeled as multiband signals. In Section IV, we present discrete-time versions of the results derived in [13] . In particular, we specify necessary and sufficient conditions for the existence of reconstruction filters that are continuous in the frequency domain. This property is important in the context of FIR filter design, as we elaborate later. Finally, in Section V we discuss the problem of FIR reconstruction filter design for the MIMO sampling problem. We formulate a cost function in terms of the filter coefficients. Minimizing the cost produces the optimal filter coefficients. The problem may be recast as a semi-infinite linear program.
We present two design examples: one for multicoset sampling and another for MIMO sampling with two inputs. 
Let the channel inputs and outputs be expressed in vector form as
We can now write (4) and (7) compactly as
with an analogous definition for
are the modulated channel and reconstruction transfer function matrices defined as
In the next section, we provide precise conditions for stable reconstruction of the channel inputs from the subsampled output sequences. In particular, for FIR implementation reasons, we are interested in a recon- 
£
. Specifically, the continuity guarantees that the approximation error resulting from the FIR implementation can be made arbitrarily small by choosing sufficiently long FIR filters. This point will be elaborated later.
IV. CONDITIONS FOR PERFECT RECONSTRUCTION
In this section, we present the condition for perfect reconstruction from the MIMO channel outputs in the discrete-time setting. More specifically, we provide conditions on the channel transfer function matrix
The implication of (13) is that we can reconstruct the inputs from the output samples
manner, in the sense that small perturbations in the inputs or the channel output samples, cannot cause large errors in the reconstructed outputs. The quantity
is called the condition number of the sampling scheme, and it is a bound on the amplification of the normalized 2-norm of the error due to the reconstruction filters [13] . In particular the notion of stable sampling may be expressed as a frame-theoretic condition. We refer the reader to [35] for more about frames. The theory of frames provides a convenient tool to study sampling [36, 37] . 
which is essentially equivalent to (15) . Thus, we have found an FIR realization of perfect reconstruction filters.
Conversely, suppose that
holds for all
, rather than just
. Therefore, we obtain and solves all these problems simultaneously.
V. RECONSTRUCTION FILTER DESIGN

A. Reconstruction Error
In this section, we study the problem of reconstruction filter design for a given MIMO sampling scheme.
We have seen in Section IV that under certain conditions on the channel and the class of input signals, perfect reconstruction is possible. Unfortunately these ideal filters are not necessarily FIR filters. Conversely FIR filters do not generally guarantee perfect reconstruction of the channel inputs. Nevertheless, we can approximate the ideal reconstruction filters using FIR filters chosen judiciously so that an appropriate cost function, such as the end-to-end distortion, is minimized.
We model the input signals as discrete-time multiband functions
, where d is the constraint set for the channel inputs: . Therefore (28) and (32) give us 
We point out that if
is a perfect reconstruction filter matrix, then using (15), it is easily shown that
For simplicity we rewrite (38) 
Note that the condition 
Owing to Proposition 3, the approximate solution will produce a cost that is greater by a factor of not more than times the true minimum, i.e.,
An important question pertaining to the FIR design is whether the resulting approximation error goes to zero when the filter lengths go to infinity. Under some conditions, we can answer affirmatively, as the following theorem shows. (27) . . Using (12) and (29) where ¢ is a real and positive measure on ¥ . The dual problem can be solved using a simplex-type algorithm for semi-infinite programs [34] .
If there exists a perfect reconstruction filter matrix continuous in
Recall that whenever the technical conditions in Theorem 1 are satisfied, the set V 
D. Design Examples
In this section, we consider two FIR filter design examples. In the first example, we design reconstruction filters for the multicoset sampling scheme which is a special case of MIMO sampling [28, 29] . In the second example, we consider MIMO sampling using a channel having two inputs and five outputs. Figure 6 . The equal-ripple nature of this plot is due to the minimax criterion:
The optimal cost is 0 § ¥ ¤ . . Using (14) and (22), it is easy to check that 
Example 2. Consider a MIMO channel with
It can be verified numerically that (20) and (21) , so that by (52), the required increase in length is two or less in most cases listed in 
VI. CONCLUSION
We examined the problem of FIR reconstruction filter design for uniform MIMO sampling of multiband signals with different band structures. The analysis is facilitated by the conversion to an equivalent hypothetical discrete-time system. We presented necessary and sufficient conditions for perfect reconstruction of the channel inputs with and without a continuity requirement on the transfer functions of the reconstruction filters. We also presented necessary and sufficient conditions for the existence of FIR perfect reconstruction filters when the channel itself is FIR. These conditions, which depend on the channel, input multiband structures, and downsampling rate, generalize previous results on multichannel deconvolution and filter banks.
In general, perfect reconstruction FIR filters do not exist for the MIMO sampling problem. Therefore, from an implementation viewpoint, we considered the problem of FIR approximation to the reconstruction system. The continuity property was shown to be important in this context, as it allows to make the signal reconstruction error arbitrarily small by designing sufficiently long filters in the FIR approximation.
Finally, we formulated the reconstruction filter design problem as a minimax optimization, which was recast as a standard semi-infinite linear program and solved efficiently by computer. The generality of the MIMO setting allows this algorithm to be used for various other sampling schemes that fit into the MIMO framework as special cases.
APPENDIX FROM CONTINUOUS-TIME TO DISCRETE-TIME MODELS
The purpose of this appendage is to justify the discrete-time models for the MIMO channel and the reconstruction system in Section III. More specifically, we show that the continuous-time MIMO channel with sampling can be replaced by a hypothetical discrete-time channel with downsampling. The reconstruction system, which is implemented by digital signal processing, also has a discrete-time model, and the continuous-time inputs to the original continuous-time channel can eventually be reconstructed by using D/A converters at the output of the digital processing stage.
Channel Model
Suppose that the MIMO channel and its inputs have continuous-time models as described in [13] and illustrated in Figure 1 . The input-output relation for the channel is 
Reconstruction Model
We model the continuous-time reconstruction block as is fully represented by the sampled sequence
. So, we model our reconstruction system as a discrete-time system producing an output
Therefore, the reconstruction block, shown to the right of the dashed line in Figure 1 , can be replaced by the discrete-time system illustrated in Figure 3 . Equation (A.6) describes the hypothetical discrete-time channel that replaces the continuous-time model, while (A.12) describes the real reconstruction system. If the channel has a discrete-time model as shown in Figure 2 , then the reconstruction block in Figure 3 is the most general structure with the property that the entire MIMO system (consisting of the channel, the down-and up-samplers, and the reconstruction filters) is invariant to shifts by multiples of ' samples:
The models presented here are applicable whether the discrete-time inputs represent underlying continuoustime function, or whether they are genuinely discrete-time by nature. 
